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The Incoherent Scattering Function and Related
Correlation Functions in Hard Sphere Fluids at
Short Times
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For a classical fluid of hard spheres and hard disks exact expressions for all
densities and wave vectors are derived for the coefficients of ¢” in the short-time
expansion of the incoherent intermediate scattering function (n=0,1,..., 4)
and the velocity correlation function (n=0,1,2). Similarly, we obtain the
coefficient of the leading term in the short-time behavior of the cumulants of the
displacements. Furthermore, S(k, ) has a high-frequency tail ~w ~4, character-
istic for the hard-sphere fluid, which leads to a modification of the standard sum
rules. We present estimates for the frequency range, in which this tail may be
observed in neutron scattering off noble gases. The results are also compared
with Enskog’s theory and molecular dynamics calculations.

KEY WORDS: incoherent scattering function; velocity correlation function;
cumulants of displacement; hard-sphere fluid; short-time expansions.

1. INTRODUCTION

The short-time behavior of scattering functions is one of the few dynamical
properties of classical systems in equilibrium which can be calculated
exactly. This behavior has been studied extensively for particles interacting
through a Lennard-Jones type of potential.'"® The theoretical results
agree with experiments®® and are frequently used to fit parameters in
phenomenological theories that want to describe the scattering functions
for all times.?

"nstitute for Theoretical Physics, University of Utrecht, 3508 TA Utrecht, The Netherlands.
2The Rockefeller University, New York, New York 10021.
3See, e.g., Ref. 9.
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The methods employed to determine this short-time behavior cannot
be applied straightforwardly to systems interacting through hard core
potentials.(10-2D

The aim of this paper is to find the behavior of several types of
correlation functions in hard-sphere systems at short times. A partial
summary of the results has been published before.(3>¥

We consider N hard spheres in equilibrium contained in a volume V
and obeying the laws of classical mechanics. The temperature 7= 1/kgp,
where k, is Boltzmann’s constant, m is the mass of a particle, and o its
diameter, the density n = N/V, and d denotes the dimensionality of the
system (d > 2).

The subject of interest is, more specificaily, the short-time behavior of
the incoherent intermediate scattering function F(k,t), of the velocity
correlation function C(¢), and of the cumulants v, () of the displacement of
a tagged hard sphere. Furthermore, we consider the large w behavior of the
incoherent scattering function S(k, w).

The incoherent intermediate scattering function is defined as

F(k,ty= (exp[ik-1,(0)] exp[ — ik -r (1) ]} = (exp[ — kA (1) ]}, (1.1)

and A, (?) is the x component of the displacement of particle 1,

t
A(£) = x,(1) — x,(0) =f0dfle(1-) (12)
where we have taken the £ axis parallel to the vector k. The velocity
correlation function is defined as ,

C(1) = (oreone(1)) (13)

In these definitions the phase (r;(),v;(?)) denotes the position and velocity
of the ith particle at time #, when (r;,v,) is the initial value at ¢ = 0. The
wave number k determines the scattering angle. The equilibrium average
(D= [dI'DyT) ... is taken with the distribution function Dy(T) of
the canonical ensemble, where I' = (r;v;r,v, . . . ryvy), and the bulk limit is
understood to be taken.

The incoherent scattering function is defined as the Fourier transform
of F(k,1), ie.,

1 t oo — W, 1 ®
S(k,w) = Ef_m die “'F(k,t) = ;T-fo dicoswt F(k,t) (14
where we have used that F(k,1) is an even function of ¢, both for smooth as

well as for hard-core interparticle potentials. For the latter case this will be
shown in Section 2.2. As a result S(k,w) is even in w. The inverse relation
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therefore reads

F(k,1) =[+°°dwcoswz3(k,w) (15)
An equilibrium time correlation function for a system in which the particles
(i,j=1,2,..., N) are interacting through a smooth potential V(r;) with
r; =r; — 1, can be written as
Cos(2) = (a(0)b(1)),= {ae™b}, (1.6)
where a and b are dynamical variables, and L is the Liouville operator,
L=Ly— 3 36() (1.7)
i<j
with
9
L0=Zv,-- o (1.8a)
0 V(r))
7y = L 22N I
D=1 o, ( By, avj) (1.8b)

The streaming operator e‘" generates the trajectories in T space.

For the special case of hard spheres the time evolution of a dynamical
variable a(?) can be represented by pseudo streaming operators, which
generate the trajectories of the phase point in I' space. They are defined for
forward and backward streaming in time as®®***

exp(tL, )a, t>0
a(t)= P(tLr) (1.9)
exp(tL_)a, t< 0
The pseudo-Liouville operators L, are given by
L.=Ly+ 3 ST, (i) (1.10)

i<j
with binary collision operators

T. ()=’ [ds vy 6l6(F vy 6)3(r; ~ ad)[ bs(i) — 1] (L.11)

Here f(x) is a unit step function; v;=v,—v, and d=a/[a| is a unit
vector. The substitution operator b;(if) acts only on the velocities v, and /7
and replaces them by the velocities v}, v; after the binary collision,

by(f)V, =V =V, — 6(6-vy) (L12)

ba(ij)vj =vVi=v,+ é(d- Vi)
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The operators exp(¢L , ) generate the physical trajectories in I' space either
in forward (¢t > 0) or backward (¢ < 0) direction, starting from physical
initial positions, in which hard spheres are not overlapping. These stream-
ing operators also generate unphysical trajectories for unphysical, ie.,
overlapping, initial conditions. However, Eq. (1.9) is only needed inside the
averages (1.6). In fact, the correlation functions of interest are

F(k,t) = f dT Dy(T)exp(ik - r,) exp(tL . Yexp(~ ik - 1)
= (exp(ik - 1)) exp(tL . Yexp(— ik - 1})), (1.13)
C(1) =de‘D0(I‘)ulxexp(tLi Yo, = {0, exp(tL )o1 ),

in which the unphysical overlapping initial configurations have a vanishing
weight Dy(T') so that only physical trajectories contribute to the averages. In
averages { -+ - », containing the operators L, as in Eq. (1.13), the weight
function D, is always understood to be to the left of all L, operators.

After the introduction of the relevant quantities we give the plan of
this paper. Our method for short-time expansions is described in Section 2,
and we rederive from our method the known results for F(k, ) and C(z),
which involve one binary collision. In Section 3 we consider the next-order
correction terms in the short-time expansions. They involve either two
uncorrelated binary collisions, or three correlated binary collisions (recolli-
sion sequence). In order to determine which dynamical events are involved
in the coefficient of ¢, we discuss in Section 4 short-time estimates for
general collision sequences. In Section 5 we discuss the high-frequency tail
of the incoherent scattering function S(k,w), characteristic for a hard-
sphere fluid, and its implication for the sum rules. In that section we further
consider the transition from smooth to hard-sphere potentials, which yields
some conditions on the applicability of hard-sphere models to real fluids.

In Section 6 we obtain the short-time behavior of the cumulants v, (7)
of the displacement of a tagged hard sphere. In Section 7 the exact results
for F(k,t), C(1), and v,(¢) are compared with the Enskog theory for a
hard-sphere fluid, and with available molecular dynamics data. We con-
clude with a discussion in Section 8.

All considerations in this paper refer to hard-sphere interactions, and
whenever we refer to smooth interactions we state it explicitly.

2. METHOD AND KNOWN RESULTS

2.1. Description of the Method

The short-time expansion of correlation functions for a system with
smooth interactions follows directly from Eq. (1.6) by writing e’* as a
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Taylor series,

C,p(1) = {abyy + t{aLb)y + (1/2)r*¢aLl®h)y + - - - (2.1)

where the coefficient (aL"b), is the nth derivative of C,(¢) at r = 0.

Our method for obtaining short-time expansions in hard-sphere sys-
tems resembles very closely the above method for smooth potentials, when
the usual Liouville operator (1.7) is replaced by the pseudo Liouville
operator (1.10), i.e., we calculate derivatives of C () at =0, and obtain
the short-time behavior of C,,(¢) as a Taylor series,

n—1

Cap(1) = 2 Ca”(0) + R,(1) (22)
with a remainder
R,(1)= (n_l),fdf(t Y (T (2.3)

and CY” denotes the nth derivative. We continue this procedure till we
encounter a derivative, say, C$"(z), which is not well defined at ¢ = 0, but is
still well defined for ¢+ >0 or 7 < 0; then we determine the short-time
behavior of C(¢) (¢ >0, or ¢ < 0), from which we deduce R, (¢) at short
times using (2.3) by taking the limit z—>0+ or 0—. It depends on the
functions considered which derivatives become ill defined at ¢ = 0. For
F(k,r) it is the fourth derivative and for C(r) the second one. These
derivatives will be considered in the next section.

Our method differs from the approach of Sears'!? and Kleban'® in
which first the short-time expansion (2.1) is considered for smooth poten-
tials and next the hard-sphere limit is taken. In our approach the order of
these two limiting operations is reversed. Essentially the same procedure is
followed in Refs. 11, 14, 15, and 18.

2.2. Useful Properties of F(k,t) and C(¢)

In order to obtain the short-time expansions of F(k,r) and C(¢) for
hard spheres we discuss three relations, which will simplify our consider-
ations:

(1) F and C are even functions of time, i.e.,

F(k,t)= F(k, —t)= F(k,|1|)

C(1)=C(=1)=C(lt)
This can be seen from Eq. (1.13) by changing the variables v, into —v, for
all i=1,2,..., N, so that for r <0 the operator e’“~ = ¢ %~ changes

under this substitution into el"*+, whereas the remaining parts of the
integrands are left unchanged. Hence, we restrict ourselves to ¢ > 0.

(2.4)
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(i1) For any pair of dynamical variables @ and b the Hermitian adjoint
of L, with respect to the inner product (a,b) = {ab), is given by

(aL by, = —(bL_a), (2.5)

where the weight function Dy(T') is to the left of all operators inside the
brackets. For a proof of (2.5) we need two properties of pseudo Liouville
operators, derived in Ref. 24, ie.,

[dFDan’L+b=debe"z-aDO=de‘DObe"L“a (2.6)
In the first equality we used that the Hermitian adjoint of L, with respect
to the inner product (a,b) = [d[ ab is (— L_), of which the explicit form is
not needed here. In the second equality we used the commutation relation
exp(— tL_)Dy = Dyexp(—tL_). The time derivative of (2.6) at = 0 yields
(2.5).
(iii) The functions F(k, ) and C(?) in (1.13) are related by

C(f)= — lim F"(k, 1/ k? (2.7
since we have from (1.10) and (2.5)
F'(k,ty=—([L_exp(ik-r,)]exp(tL, )L, exp(— ik 1)}
= — k2<v1 . kAexp(ik 1) exp(tL, )y, kAexp(— ik - r,))O (2.8)

where the primes indicate partial derivatives with respect to ¢ and £ =k /k.

2.3. Contributions from at Most One Collision

In the remaining part of this section we rederive from our method the
coefficients in the short-time expansion of F(k,t) and C(z), which have
been obtained in the literature.('%2" We start with F(k, 1) in (1.13) where

F(k,0)=1 (2.9)
F'(k,0) = (exp(ik -r))L, exp(—ik-r))),=0 (2.10)
F'(k,0) = —kX(v, - K)*) = —Kk*/( Bm) (2.11)

F(k,0) = —k*(v, - k exp(ik - 1)L v, - k exp(— ik - 1)),
= — (N = 1)(v, - KT, (12)v, - k), (2.12)

The first three expressions do not depend on the interparticle potential and,
therefore, hold for smooth potentials as well. In order to derive these results
Eq. (1.10) is needed; for the last two we have also used Eq. (2.8). The
N-particle average in (2.12) is taken over a function of two particles only.
Therefore, it can be expressed in terms of the static pair correlation
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function. In general, the static correlation functions are defined as
n’g(r,) = N(N — 1)f e fdr3 .. drydv, ... dvy DyT)

ng(r;,ry,13) = N(N — 1)(N — 2)f e fdr4 coodrydvy o odvy DT
(2.13)

In fact, in this and all subsequent expressions the thermodynamic limit is
understood. On account of these definitions Eq. (2.12) becomes

F(k,0) = — kznfdrlzg(r,2)<<leT+ (12)5,,)) (2.14)

Since the rlght hand side of (2.12) does not depend on the direction of the
unit vector £, it may be averaged over all directions of K, using | dkk k
={,08,5/d, where Q,= 2wd/2/F(d/2) is the surface area of a d-

dimensional unit sphere Each pair of brackets { - - - > in (2.14) stands for a
one-particle velocity average, i.e.,
->=fdv1¢0(u,) . (2.15)
with a Maxwellian weight, i.e.,
d/2
m
do(v) = (%—) exp[——(l/2),8m02] (2.16)

Introducing x = g(o), which is the static correlation function of two hard
spheres at contact, and using (1.10) and (1.11), we reduce Eq. (2.14) further
to

2nod

F(k,0) = — dea<<9( Vipr 8)(Vip - 6)v, - 6))
= 2k2/(d,8 mty) (2.17)

In evaluating the integral in (2.17) it is convenient to introduce center-of-
mass and relative velocity variables.

We have further introduced the Enskog mean free time between
collisions 7, and the mean collision frequency ¢; ' at low density as

tg =lo/X
na 10, (2.18)
ty'=no?" lfdﬂ«vlz 60(v,-6))) = (—,8_)1—/3

Collecting results from (2.9)—(2.12) and (2.17), the Taylor series (2.2) yields
for the incoherent scattering function at short times (¢ > 0)

_1_ k% ki 4
Flt)= 1= g+ gaptm +0(1) (2.19)
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and by virtue of Eq. (2.7) for the velocity correlation function

c(n) = Fln? - d%t; +0(7) (2.20)

In the following section these results will be extended to the next order in
time.

3. CONTRIBUTIONS INVOLVING MORE COLLISIONS
3.1. Correlation Functions for the Fourth Derivative of F(k, 1)

In this section we calculate the next approximation to F(k, ) and C(z),
which will involve the static triplet correlation function. We start by
considering the fourth derivative F"'(k, ) for ¢t > 0, which reads

F””(k, t) = k2<[L_ v, léexp(lk . rl)] exp([L+ )L+ A\ kAexp(—~ ik - r1)>0
(3.1)

as follows from Eq. (2.8) and (2.5). It doe§ not exist for ¢ =0, since it will
contain terms of the form {(T_ (12)v, - kX T, (12)v, - k)», where each T
operator, defined in Eq. (1.11), contains a factor §(|r,,| — o). However, with
any finite streaming e'+ between the two T operators, the expression is
well defined and approaches a finite limiting value for t—>0+, as will be
shown in this section. The limiting behavior F””(k,0+) is all that is
required to calculate the remainder R (¢) in (2.3) for small times up to O(z*)
included.

In view of the fact that both L, and L_ in Eq. (1.10) consist of two
terms, we divide F""'(k, t) into

F'(k, 1y = A(1) + B(r) + T(1) + A(1) (3.2)

with

AN = k“<(v1 - k) exp(ik - ) exp(tL, )(v; - E)Zexp(— ik - r,)>0 (3.3)

B(1) = ik3<(v, - k)? exp(ik - r,)exp(tL, )g T, (1j)v, - K exp(— ik - r1)>0
(3.4)

I(7) = ik3<[§1 (1j)v; - K exp(ik rl)} exp(tL, )(v; - K ) exp(— ik - r1)>0
(3.5)

A1) = — k2< [ ; T_ (1j)v, - k exp(ik - rl)}

X exp(tL, )2 T, (11)v, - kAexp(—ik«rl)> (3.6)
! 0
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As is clear upon comparison of (3.3)—(3.5) with (3.1) the derivatives 4”(1),
B’(t), and T"(¢) have the same structure as A(¢), which, as will be shown
below, will approach a finite value for r =0 +. Hence A (¢) = A(0) + O(0),
and similarly for B(7) and I'(2), since the first derivative of these quantities
exists at 1 = 0. Now, Eq. (3.3) yields

A 3k*
A0y = K*(v, - k)= (3.7)
(Bm)y’
Next, choosing £ parallel to the x axis, we find
B(0) = ik3<olzxz T+(1j)le> (3.8)
J 0
Inserting the definition of the T operator yields
B(0) = ik3nxfdééx<<ulzx(v,2 £ 6)8(=vi- ) (3.9)
The velocity average < - - - > in (3.9) has the structure (aé” + b), so
that B(0) vanishes after averaging over all 6. Hence for small times
B(t)=T(t)=0(1) (3.10)

The arguments leading to Eq. (3.10) for I'(¢) are completely analogous to
those above.

3.2. Two-Collision Contribution A ,(7)

Next we consider A(¢) in (3.6), which we divide into the contributions
from equal pairs, A,(7), and from different pairs, A (2), i.e.,

A(r) = A () + A1) 3.11)
with
Ay(ty= —k(N = 1)(N = 2)((T_ (12)v; - k exp(ik - 1,))
X exp(iL, )T, (13)v, - K exp(— ik - 1,)), (3.12a)
A(1y= —K¥N = )([T_(12)v, - K exp(ik - 1,)]
X exp(tL, )T, (12)v, - K exp(— ik -1))), (3.12b)

A, will be considered in this section and A, in the next one.

We first observe that A,(0) exists. In the next section we will show that
higher-order contributions are at least of O(r) for small z. Hence, using Eq.
(2.13) and (1.11) we obtain

A, 0) = —kznzfdr,zfdrug(rl,rz,r3)<<<(T- (12)v, - k)T, (13)v, - £)))

k2 2.2d-3 N . n N N AN A A A A
) (nﬁ(:n)Z fdalfd"z 83(61° 62)(8, - k)8, - k)Vi(6,-6,)  (3.13)
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where we have introduced the static triplet function for three spheres in
contact

g3(8, - 6,) = g(r,r — 06,1 — 0G,) (3.14)

It depends only on 4, - 6, = cos§ = x due to spatial isotropy of the equilib-
rium state, and g,(x) vanishes for overlapping configurations where 1/2
< x < 1. In addition we have defined

V(8- 6,) = (,8m)2<<<0(v12 60V 63)(Vip - 8)(Vay - 62)2>>> (3.15)

All velocity components orthogonal to the plane of 4, and §, integrate
trivially to unity. Hence, we can treat the velocity variables in (3.15) as
two-dimensional vectors and the result, which does not depend on dimen-
sionality, reads

1/2

Vi(x) = = (2 + x*)cos ‘%—%(1—%):2)
el 4x (1 1.3 x* 3.16
I+5x wlF‘( h 2’2’4) (3-16)

as is calculated explicitly in Appendix A, where also the Gaussian hyper-
geometric function ,F\(a,b;¢; x) is defined. We can further evaluate Eq.
(3.13) by averaging over all K, which allows us to replace (o, k)(a2 k) by
(6, - 6,)/d. The integrand in (3.13) depends then only on §, - 6, so that the
6, integration may be carried out, resulting in

kZ
A0y = ——— (xV (x)gs5(x 3.17
d( ) dB (tE 2< 1( )g3( )>ang ( )
where t; was defined in Eq. (2.18) and (- -- },,, is an average over a

d-dimensional solid angle, defined for an arbitrary function A(x) with
x=26,-6,as

(H)) = g [ @281 &) (3.18)

The contribution (3.17) has been calculated previously by Resibois,'” and
will be discussed in Section 8.

3.3. Recollision Contribution A, ()

Next, we consider A,(f) which does not exist for ¢ = 0, as explained in
the beginning of this section. In order to evaluate it for short positive times
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¢t we use the binary collision expansion (BCE), as given in Refs. 24 and 25:

I3
et =etlo 4 Zfdtle(’_")L°T+ (oz)e"L0
a YO

+ 2 Eftdtlf"dtzev*")%n (a)et' DT (Byetot+ - .- (3.19)
a B0 0

where a, 8 ... run over all pairs of particles. We may restrict ourselves to
a # f3, due to the impossibility of two consecutive binary collisions between
the same pair, i.e.,(?%*)

T, (a)e™T, (a)=0 (3.20)
For the same reason the first term in the BCE, i.e., the free streaming term,
e'lo, gives a vanishing contribution to A,(z) in (3.12). For, [T_(12)v,,]
e[ T, (12)v,.] vanishes, because the expression contains 8§(0d, + v, —
66,) with v, - 6, <0 and v,, - §, > 0, so that |66, + v ;¢ — 06,] > 0. There-
fore the first nonvanishing contribution to A,(f) comes from the second
term in the BCE. Here T, (a)e”T, (12)v, - K exp(— ik - r)) # 0, provided
the pair () contains either particle 1 or 2, since T(ij)f(r,,v,) =01if k # i or
j and we obtain the so-called recollision term,

A1) = —kznzfdrnfdrmg(rl,rz,r3)f0tdtl<<<[T_ (12)v, - K exp(ik - 1})]
X exp[ (1 = 1) Lo][ T4 (13) + T, (23)]
X exp(t,Lo) T, (12)v, - kexp(— ik -1)))) + O(1) (3.21)

A recollision event is defined by a collision sequence (ij)(ik)(ij) where k # j
and where (i) denotes a binary collision between the particles i and ;. The
higher-order terms in the BCE contribute at most terms of O(¢) for small ¢,
as will be shown in the next section. Although the integral (3.21) looks
formally of O(¢) due to the appearance of one time integral, it will appear
that the integrand contains a factor 8(¢; — ar) with 0 < a < 1, so that the ¢,
integration yields a finite contribution as >0 +.

In order to evaluate (3.21) we use the relation

fotdtl[T, (12)a(vy)exp(ik - 1;) Jexp[ (1 = 1,) Lo ] T, (13)
Xexp(t,Ly)T, (12) B(v,) exp(ik - 1y)
0(—é,-8,)
= g2d-2{ g4 A i R .4 LA
=g fdolfdGZS(rlz 66,)8(r 3 — 06,) 56 O(viy - 6))vi5° 6

X[ (bs,(12) - Da(vy)]65,(13)0(= vy - 6)|vyy - 64
X [(85,(12) = 1)B(v)] + O(1) (322)
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which is valid for arbitrary functions a(v,) and B(v,) as derived in Appen-
dix B. Then with the help of (3.14) and the equation [b; A) =1y, - k=
—(6,- k)(v12 é,) we obtain

2k 242
AO0+)= dé, | dé, g4(8, - 02)( )
S ]
0(—6,-3d,)
X e V.,(4,- 6 3.23
|6, - 6, (01 62) ( )
Here we have introduced
Vy(8,- 6) = (,Bm)2<<<0(v12 “8)O( =iy &) (Vi ) (Vin 61)2>>>
(3.24)
where
Vin = b52(13)v12 =V~ 65(6, - vp3) (3.25)
and for x <0
Vy(x) = V(2 — x%)

= 206 4x?4 xHsin—' X 4 1 o\2
77(6 4x” + x%)sin” 3 (2 )(1 Zx)
X

NI~

2
=—T§-q;x52Fl(%,%; ’T) (3.26)
as shown in Appendix A.

. A factor 2 appears in front of (3.23), since the terms containing
T,{(13)and T, (23) in Eq. (3.21) are equal in the short-time limit. This can
be seen by interchanging the labels of particles 1 and 2, using T(12)(v; + v,)
= 0, and observing that exp(* ik - r;) does not contribute to Eq. (3.22). By
averaging Eq. (3.23) over all K we may replace (6, - k)z by 1/d. Since the
integrand depends only on §, - §,, one can carry out the §, integration with
the result

. 6(—
AO+)= dﬂmz(tf;y < (xx) Vz(x)g3(x)>ang (3:27)

where x = §, - 6, and ¢ is given in Eq. (2.18).

3.4. Results for F(k,t) and C(¥)

From the previous results follows that F'"'(k,t) = A(0) + A0 + ) +
0(?), so that the remainder (2.3) in the Taylor series (2.2) for F(k,) at small
positive ¢ is given by

R, (1) = [A(O) +A0+)] + 0% (3.28)
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The results for A, (0 +), A, (0+) and AQ+)=A,(0+)+ A, 0+ ) follow
from (3.11), (3.17), and (3.27) and may be summarized by the equations

A 0+)] W (x)
2 A,0+) | = — _g—; %’”< W (%) g3(2x) > (3.29)
A0 +) W(x)

ang

The average over the d-dimensional solid angle is defined in (3.18), the
triplet correlation function for three spheres at contact g4(x) in (3.14), and
the Enskog mean free time 75 in (2.18). The function W(x) does not depend
on dimensionality and is defined as

W(x) = Wg(x)+ Wg(x) (3.30)
with
2 1/2
WE(x)=—%le(x)=%<l—al—x2) —-ZX;T-(2+x2)cos*1§
i 2 i 1.3, %%
=_§X(2+x2)+%2Fl(—§,—5,5,%) (3.31)
and
W= 29y,
W (%) = =5 V(%)
-3 a1 1. "% 1 2 ol o—1x
_27r(2 X (1 I ) W(6 4x°+ x") = sin >
-4 ap(l 1.7 X
- 15Wx2F1(272!254) (332)

Our final result for the short-time behavior of the incoherent scattering
function F(k,t) follows from (2.19) and (3.28) to be

Flgy=1- 20 ¢ FIP | ket okt [ W(I80)
2Bm " 3dBmi " g(pm)’  6dpmi\ X [,
+0(9) (3.33)

The velocity correlation function C(r) can be deduced from (3.33) by
means of (2.7),

pmC(ty=1— fi_'t’b_l 4 2m2? < W(x)g5(%)

+0(r) (334
dt% X2 >ang

We note that terms containing odd powers of || appear in the expansions
(3.33) and (3.34) for F(k,t) and C(r). Such terms are absent for systems
interacting through a smooth potential.
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4, ESTIMATES FOR GENERAL COLLISION SEQUENCES

4.1. General Rule

In the previous section we have calculated the function A,(¢) in (3.12b)
for small times by using the binary collision expansion (3.19). We showed
by explicit calculation that terms in the BCE which look formally of order ¢
may contribute to order ¢°. The question therefore is: which terms in the
BCE or equivalently, the dynamics of how many particles, will be involved
in determining the coefficient of ¢* in the short-time expansion of a general
correlation function C,,(¢) of the form (1.6)?

From the work of Lanford,®® specialized to the velocity correlation
function as in Ref. 27, follows that the coefficient of 1* involves at most the
dynamics of (k + 1) particles. On the basis of qualitative arguments we
want to extend Lanford’s results to more general correlation functions, and
make it more precise by specifying the dominant (k + 1)-particle collision
sequences. In doing so we are able to argue that we have included in the
previous sections all relevant contributions of O(r*) and O(¢?) to F(k,1)
and C(?), respectively. We restrict ourselves to equilibrium time correlation
functions of the form

C,(1) = (ae’L+b>0 (4.1)

where @ and b are (sums of) functions of the velocities and positions of a
few particles, such as Eqgs. (3.3)~(3.6). Each function ¢ and b may contain
at most one operator T, (a) with pair label a, or a,, respectively. The total
number of T, operators in a and b is m,, so that m, =0, 1, or 2,
Estimates for the relevant contributions to F(k, 1) are obtained below, using
Eq. (3.2) and using estimates for the functions (3.3)—(3.6) which are of the
form (4.1).

Substitution of the binary collision expansion (3.19) in Eq. (4.1) yields
an infinite set of cluster functions

o
Co(=> > Cup(ayay...a,:0) (4.2)
m=0 .. Qy,

where the cluster functions represent the contribution from a collision
sequence in T, operators with pair labels a;a, . .. a,,. In the summation
over the ordered set {a,a, . . . a,,} the pair label «; runs over all pairs in the
system with the restrictions, that consecutive pairs o, are different [see
Eq. (3.20)], and that the ordered set of T operators {0, ...aq,} is
connected, i.e., each pair o; (i = 1,2, ..., m) contains at least one particle,
which occurs already among the pairs (¢, ..., ®,) to its right or as
argument of a, in Eq. (4.1). The connectedness is a direct consequence of
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the form (1.11) for the T operators, which makes T(i/)f(r,,v,) = 0 for k = i
or j.

For short times each contribution C,(a,a, . . . a,,; f) obeys the follow-
ing rule:

Coplayay . .. a,, 1) =yt™ "1+ O(1)] (4.3)

The coefficient v depends on a and b, and the collision sequence
{aj0q ... a,}; my, is the total number of T operators in @ and b, and m*
the total number of different pairs in the sequence {a,oa,...a,a,},
including the pair labels possibly present in a and b; m is the total number
of T operators and also the number of ordered time integrals involved in
Copla ... a,;0).

4.2. Implications

Before discussing the justification of (4.3) we make a number of
comments.
(i) m* satisfies the inequalities

m,—1<m*<m+m, (4.4)

where m, is the number of different particles involved in the sequence
{a 0,05 . .. a,0,}; the lower bound represents the minimum number of
connected pairs which can be constructed for m, particles; the upper bound
is implied by the definition of m*.

(ii) An exponent m* — m,, = —1 in (4.3) can only occur for m,, =2
and m* =1, i.e., for the collision sequence (a,)(¢a;) = (12)(12). It gives a
vanishing contribution according to Eq. (3.20). Hence

m* —m, >0 (4.5)

(iii)) According to Eq. (4.4) the dominant short-time contribution of a
cluster function with m, particles is O(t™~™=»~1), Therefore, in order to
determine A,(7) and A,(?) in Eqs. (3.12) with m,, = 2 correctly to O(t°) one
needs at most three particles, and the collision sequences (12)(«,) . . . (a,,)
(13) and (12)(e;) . . . (@, )(12), respectively, with m* = m,, =2 different
pairs. Since consecutive pairs must be different, only the sequences (12)(13),
(12)(13)(12)(13), (12)(13)(12)(13)(12)(13), etc. are allowed in A ,(¢), of which
the second and higher ones are dynamically impossible, as shown in the
literature.®® The first one, (12)(13), has been calculated in (3.13). On the
basis of similar arguments one finds that only the collision sequences
(12)(13)(12) and (12)(23)(12) contribute to A (0 + ), as calculated in Egs.
(3.21)—(3.23). In order to determine the remaining terms (3.3)-(3.5) cor-
rectly to O(¢% the rule (4.3) yields for A(¢) the values m,, = 0 and m* = 0,
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and for B(¢) and I'(¢) the values m,, = 1 and m* = 1, as calculated in Egs.
(3.7-(3.9).

(iv) The rigorous bounds for the velocity correlation function C(¢)
given in Refs. 26 and 27 are consistent with the general rule (4.3). For C(¢)
the quantities @ and b in (4.1) are equal to v,, so that m,, = 0 and therefore
the exponent m* — m,, in (4.3) equals m*. In Lanford’s rigorous estimates
m* is replaced by the lower bound m, — 1 in (4.4), so that the rule (4.3) gives
estimates that are sharper than Lanford’s. However, we will not give a
rigorous derivation of (4.3) but present only some qualitative arguments in
the next section.

4.3. Outline of a Proof of Rule (4.3)

We first consider the arguments which lead to the rule (4.3) for the
case m,, = 0, i.e., when a and b are smooth functions of the phases [unlike
the T operators in Eqgs. (3.4)-(3.6)]. An estimate for C,, («, . . . a,,,¢) can be
obtained if one first performs all time integrals involved, and estimates the
spatial configurations for which the integrand is nonvanishing. To find a
nonvanishing contribution from a single collision (m = m* = 1), say, a (12)
collision, the center of particle 2 has to be in a spherical shell around the
center of particle 1 with diameter ¢ and width proportional to the small
time ¢. Hence C,, (12, )~1.

Next we compare the collision sequences (12)(13)(12) (with m =3,
m* = 2) and (12)(13)(23) (with m = m* = 3). The center of particle 2 has to
be in a spherical shell around the center of particle 1 with diameter ¢ and
width ¢ for the first (12) collision to occur in the small time #. Similarly, for
a subsequent (13) collision, the center of particle 3 has to be in a shell
around the center of particle 1 with diameter ¢ and width ¢ if a (13)
collision is to occur in the small time ¢. Thus the volume of the combined
phase spaces of the particles 2 and 3 for a (12)(13) sequence of collisions to
occur in a small time ¢ will be ~¢% If the third collision that is to occur
between the three particles 1, 2, 3 is again a (12) collision, no new condition
is introduced because 2 has to be in the same shell around 1 for this to
occur as before (cf. Fig. 1a). If, however, the third collision were to occur
between a different pair of particles [for instance (23)], then an extra
condition is introduced since now 3 has to be in a shell not only around 1
but also around 2, so that the volume of the combined phase spaces for a
(23)(13)(12) sequence of collisions will be ~¢* for small ¢ (cf. Fig. 1b). The
generalization of these phase space arguments to larger collision sequences
(ay) - - - (,) leads to the rule (4.3) in case m,, = 0.

We next consider the case where m,, = 1, i.e., either ¢ or b in Eq. (4.1)
contains a T operator. The corresponding cluster functions in Eq. (4.2) can
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Fig. 1. Phase space estimates of two collision sequences for small times 7. (a) For a sequence
(12)(13)(12) to occur the particles 2 and 3 need to be in a shell around particle 1 with diameter
o and thickness ~1. (b) For a sequence (12)(13)(23) to occur particle 3 must be in addition
located in a shell around particle 2.

be obtained by differentiating C,, (e, . . . a,,; f) with m,, =0 once with
respect to time. The dominant short-time behavior of the derivative has only
(m ~ 1) time convolutions, and is therefore equal to the dominant contribu-
tion of Cy(a,...a,;t) with my, =1 and o, = «a;, or to C,(aj0, ...
&, ;1) with m, =1 and o, = a,. It behaves therefore as ™ !,
as follows from Eq. (4.4). By taking a second derivative one shows that
Crlay ... a,;)~t™ ? behaves dominantly as Cy(a, . .. a,_,;?) with
my, =2 and a, = a, and e, = a,,. This demonstrates our rule (4.4).*

5. INCOHERENT SCATTERING FUNCTION

5.1. High-Frequency Tail of S(k, )

The essential difference in the short-time behavior of F(k,¢) for
smooth and hard-core potentials manifests itself in an interesting fashion in
the behavior of S(k,w). Since F(k,t) for a hard-sphere fluid is a nonana-
lytic function of ¢ around the origin—i.e., F”(k, 1) has a cusp at t = 0—we
expect a tail, i.e., a nonexponential behavior in the high-frequency behavior
of S(k,w), characteristic for a hard-sphere fluid. This point has been
noticed in Refs. 12-14. In Refs. 12 and 13 it is implied that S(k, w)~1/w*
at large w, although it is not stated explicitly. Sears!® remarks that
Sk, w)~1/w* as w—> oo with 3 < a <5, and that the fourth and higher
frequency moments of the scattering function are infinite.

The high-frequency behavior of S(k,w) can be obtained from Eq. (1.4)
by successive partial integrations. In view of the sum rules, to be discussed

4The extensions of Lanford’s bounds to the correlation functions of interest here, were
obtained in close cooperation with Dr. H. van Beijeren.
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below, we first perform two partial integrations in Eq. (1.4), where we write
coswt = —w ™} d*coswt /dr?). The result is

S(k,w) = —fo""dz%;f-w(k, ) (5.1)

where we have used in addition that F(k, ) vanishes for large . Two more
partial integrations yield

F"(k,0+) o
S(k,wy= ————Z + [~ dr LB prog y 5.2
(ko) = —— =+ [ Tar 2L (k) (52)

By continuing this procedure we obtain, using Eq. (3.33)

_ 2k 1oL
S(hw) = e +0( w) (5.3)
This implies that odd powers t*"~! in the short time behavior of F(k,1)
manifest themselves as even powers 1 /w®” in the high-frequency behavior of
S(k,w). No such power law decay of S(k,w) is found for smooth potentials,
since F(k,t) is then an analytic function of ¢ around ¢ = 0, in which only
even powers of ¢ occur.

5.2. Adjusted Sum Rules

The frequency moments of the scattering function for smooth poten-
tials can be expressed in terms of static quantities

f Pdow?S (k, ) = (—)'F(k,0) (5.4)

where F(" (k,t) denotes the nth derivative of F(k,t) with respect to ¢. Since
all frequency moments can therefore be expressed as equilibrium averages,
they are expected to exist.

For the hard-sphere fluid, however, only the zeroth and second mo-
ment exist on account of the high-frequency tail (5.3). By multiplying Egs.
(1.4) and (5.1) with «®=1 and w? respectively, integrating over w, and
using [*_dwe' = 278(r), we obtain

"o S(k,0) = F(k,0)=1

+ oo k2
dww?S(k,0) = —F"(k,0) = = 5.5
[ TdwuS(k0) = — F(k,0) = £ (55)
which are the standard sum rules for smooth and hard-core potentials.
However, multiplying Eq. (5.2) with w* and performing the w integration
yields

fj wdw[w“S(k, @) = L F(k,0+ )] = F"(k,0+)  (56)
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where the right derivatives F'’(k,0 + ) and F""'(k,0+ ) can be read off
from (3.33). Therefore, the short-time coefficient F"'”'(k,0) of a hard-sphere
fluid can still be extracted from S(k,w) by means of an adjusted sum rule.

5.3. Transition from Smooth to Hard-Core Potentials

According to Eq. (5.3) the quantity «*S(k,w) approaches in a hard-
sphere fluid a constant for high frequencies. We will now investigate to
what extent this prediction of a hard-sphere fluid is applicable to a real
fluid.

The hard-sphere model is only a meaningful approximation for times ¢
and frequencies o with

t>t=0"' or w<uw, (5.7
where ¢, is the average time a particle needs to transverse the steep part of

the potential. An estimate for 7, can be obtained from the short-time
expansion of the velocity correlation function for smooth potentials,('¥ i.e.

C =1—a}—t%—+a_._i_+... 5.8
‘Bm (t) Bm 2 (,8m)2 ( )
where
o = %Wﬂﬁj(;oodr g(r)[er”(r) + 2rV'(r)]
1 5 [ 5 2 5 ) (59)
a =g mp jo dr g(r){r [V ] +2[V(n)] } + n’M,

M, is a term involving the static triplet distribution function. If the pair
potential has a steep repulsive part with a range A, then Sears''® has
shown that a;~A,"! and a,~A, * for small A, and that M, in a, does not
contribute to the coefficient of the leading term, >\S‘3. Since the expansion
(5.8) is only meaningful when successive terms are small, we obtain the
following estimate by comparing the second and third term in (5.8), i.e.,
pmit = 21 (5.10)
o
An approximate evaluation of «; and a, (M, is neglected) for the repulsive
part of a Lennard-Jones potential V(r) = €(o/r)’ with » =~ 12, using g(r)
~ yexp[— BV (r)], yields

Bmi2 62~ 1/v)(Be)*”

= 5.11
o? (¥ +2r + 32+ 1/7) 1D
With » =12 and T* = k;T/¢ we have
t
5 = 0-18 (5.12)

O_(Bm)l/z (T*)I/IZ
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For the mean free time ¢; in the hard-sphere fluid we have

Ig 1 1.4 -
= ~ - 5-13
o(Bm)'/?  afmnrx  MX S
so that
IR 1.3n*x
g ~ ____( T*)'/lz (5.14)

For the Lennard-Jones fluid at #n* = no® = 0.85 and T* = 0.72 as in Ref. 6
and with x=4.5,% we find 1, = 5¢,. Since at the liquid densities consid-
ered, wy >~ Sw,, and since Eq. (3.33) for F(k,t) and Eq. (5.3) for S(k, w) are
only valid for ¢ < t; = w; ' and w > w,, respectively, we conclude from
(5.7) that the hard-sphere high-frequency tail S(k,w)~1/w* cannot be
observed in a Lennard-Jones-like liquid.

However, at gas densities n* = 0.1 (where x =~ 1) and at normal tem-
peratures, ¢z becomes large, so that 7 ~0.1¢.. Hence, there exists then a
region, where both conditions, w; < @ < @, = 10w, can be met, and where
a high-frequency tail in S(k, ) might in principle be observed.

6. CUMULANTS AT SHORT TIMES

6.1. Moments and Cumulants

The cumulant expansion of the incoherent scattering function F(k, 1) is
defined through(lw)

log F(kyt) = 3 (=)"k¥7,(1) (6.1)
n=1
and the cumulants y,(¢) can be expressed directly in the moments of the
displacement (A% >, generated by the expansion
—ikA, _< & ik)" "
(e7" = 3 ——([A]"),

n=0

2(—ik)" [ dr\dr, ... dr,
n=0

O<r<rp< - <7, <t

F(k,1)

X{01(T1)01:(T2) -+ - 01x(T0) ), (6.2)

where we have used Eq. (1.2) and ordered the time integrals. From a
comparison of Egs. (6.1) and (6.2) one obtains the cumulants in terms of
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the moments, e.g.,

(1) = 5 ([AO T,
7a(1) = 37 (<A D0 = KA o) (6:3)

Sears has discussed the short-time behavior of the cumulants both for
smooth potentials and for hard-sphere systems.'> For smooth potentials
his results are

(1) = ﬁ;;tz +a,t* + bt® + 0(1%)

1i(1) = at® + 0(1'%) (6.4)

1s(1) = 0(1?)

with explicit expressions for a;, a,, and b, which involve both triplet (b,
and a,) and pair distribution functions. For hard spheres he gives

N=-1_r- L +0(1%
()= 28m " T 3B,
V(1) =&t /50 + - (6)

vty =&’ /T + - -

From the results of section 3 the O(t*) term in y,(#) may also be written
down directly using Eq. (3.34) and the relation y{(¢) = C(¢). However,
Sears’ results for v, and vy, are only qualitative, since his series for §, and &;
are formally given by an infinite sum of divergent integrals, of which only
the first few terms are obtained. Here we will calculate exactly the coeffi-
cients of the leading terms in the short time expansion of all cumulants v,,.
We start from the nth moment for hard spheres with ¢ > 0,

(Ao = n! feref dr dr,

0<’T|<’1'2< e LT, <
X .. .dr,{(exp(tL, )v,xexp[('r2 - ’TI)L+]UIX CL D,
X CXp[('Tn - Tn—l)L+ ]le>0 (66)

In these multitime correlation functions we have introduced pseudo Liou-
ville operators, which are all L, operators, since all time differences
(1, — 7,_,) are positive.243®
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6.2. One-Collision Contributions

In order to evaluate the cumulants, we start by calculating the
moment-generating function F(k,?) in (6.2), since its logarithm (6.1) is the
generating function for the cumulants. For short times exp(tL, )=1+

7L, + - - -, and by keeping only the two most dominant terms in (6.6), we
obtain
n+1 n
Bg =170l D0+ Tt D ol Ly ol + 0("*?) (6:7)
i=0

n

= e[ g8 (oo 25 3 (e i [2502) 1]

=0

i)Y+ O(tz)} (6.7b)

To obtain the last equality we have used steps similar to those leading from
(2.12) to (2.17) via (2.14) and introduced

a=(1/Dnxe?"'Q = (1/2)(wpm)"*/ t; (6.8)

In addition we used that the & integrand is even, so that #(—v,, - §) in the
T, (12) operator may be replaced by 1/2. The term ~at~1/t, represents
the linear term in an expansion of (AL, in powers of ¢/¢;. In order to
evaluate the generating function F(k,?) correct to linear order in az, we
insert (6.7b) into (6.2), and call kr = g, which leads to the result

P4 = [ (e ~ia-vi + e dl[ (D) = 1]))) + 02
(69)

To verify Eq. (6.9) expand the exponential function, and keep only terms
linear in af (at fixed ¢), from which one recovers Eq. (6.7).

In the further evaluation of Eq. (6.9) we change to a center of mass
[V=(/2)v, +v,)] and a relative velocity v=v, —v,, which is further
decomposed into Cartesian components (v,,0,,V ), i.€.,

v=10,6, + 0,6, +v, (6.10)
with orthonormal unit vectors (§ = q/|q|)
A A A A A A A A A ‘1/2
&=68  &=[4-806-pl[1-(4-6)] (6.11)
The first term in the exponent of (6.9) becomes
A A A l/2 ’
q-vi=q-V+(1/2)q- 80, + (1/2)q0,[ 1 = (§-6)*] (6.12)

We observe that b; in (6.9) acts only on v,, with b;v, = —v,. Hence, we can
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carry out the integrations over V, v, and v, using
(exp(—iq-V)) = exp[ —(1/2)g%( V¢ >] = exp(—q°/4p8m)
(exp{~(1/2)iges[ 1= (48]} ) = exp{ ~g[1 = (4-6)"] /4m)

(6.13)
This yields

exp(q>/2Bm)F(q/1,1) =f(d6/$2d) exp[(q . 6)2/4Bm]
(exp{ —(i/2)(q" 6)v, + atlv,|[b; —1]})

+0(7) (6.14)
where the brackets denote the one-dimensional velocity average
Bu\'/? +oo
o= ) [Tdvexo[~(1/2Bwl] o [w=(1/2m]
(6.15)

By expanding the exponential function inside the average in (6.14) we
find

exp(q2/2,8m)F(% ,t) g’za exp[(q 6) /4,Bm]

{ $ ([i/D@-8)e]’),

!
n=0 n:

+tn§0cn(—7iq-6)n+ 0(:2)] (6.16)
where
¢, = (n—f—l)—' Z()(]va[u;"(b& ~ Doy ) (6.17)

Clearly c, = 0, and since by, = (— v,)" the label / in (6.17) must be odd, so
that the label n must be even. Using (6.8) we obtain

c. = 2001 <| |2n+1> - -1 ”\/‘_”—
7 2n+ ! ts(Bm)" T(n+3/2)
_ 4 ?),_,

3’5(:8’")” (5/2)n—1(n = D!

(6.18)
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For later convenience we have introduced the Pochhammer symbol

I(at ) 1 2 1 6.19
(@,= ~Fy~ 4@+ @+ @ra-) o (©19)
The first sum in (6.16) equals exp[—(q - 6)*/48m], and with the notation
z =(q- 6)*/4Bm we obtain

exp(q2/2,8m)F(% ,t) =141 g—iexp(z) il cn(-—,Bmz)"+ 0(t2)

dé 5.
=l gt [Ear(55557) 7o) (620)
where we have used Eq. (6.18), and the confluent hypergeometric func-
tion(*V

\Fi(a;b;z) = exp(z),F (b — a; b g (b) n, (6.21)
Integrating the hypergeometric series term by term, using
A 3/2 2
a'o n+l _ 1 ( / )n q (622)

9" Td[@+/2], Wm

we find

2 4 N=1+9I"_
exp(q/28m)F( 4 1) =1+ T

3.5
szz(l 3 ;5,~d+2 '——qm)+0(t2)

) 2 48
(6.23)
where ,F, is a hypergeometric series*?
(@),(8), z»
F.(a,b;c,d;z = 6.24
2ol )= 2 o o (29

The generating function for the cumulants is according to (6.1)

2 2 2
9 N_—4 qt 1 3.5 d+2. 9 \, o2
1°gF( : ”) 25m + 3dgm, 2F2( 3°3°2° 3 ’—*43,”) o)

(6.25)

By replacing g = kt and identifying coefficients we find for v,(#) the result



The Incoherent Scattering Function and Related Correlation Functions 345
in Eq. (6.5) and for v,(z) with n > 2

(_)nt2n+1(1/2)n—1(3/2)n—1 1

(0 = 3d(5/2) _ ((d+2)/2)_ (n— )12 1;(Bm)’ [1+ 0]
(6.262)
or
_ (_)"[2"+]n(1/2)n_](3/2)n_1 1
Va(1) = Q2n + 1)!(d/2)n~] tE(,Bm)" [1 + O(I)] (6.26b)

This is our final result for the dominant term in the short-time expansion of
the cumulant v,(¢). For n =2 and n = 3 the coefficients £, and &; in Eq.
(6.5) follow from (6.26). From the generating function (6.23) we can in
principle also obtain the moments (A2"(¢),, correct up to linear terms in
¢/tg. The result is a linear combination of y,’s with k = 1,2, . . ., n, which
does not simplify any further and will not be written down explicitly.

6.3. Contributions from More Than One Collision

The calculation of the first correction to the leading term (6.26), which
is of relative order ¢, is much more laborious. We will only outline the
procedure of how to evaluate this correction in principle. The contributions
are similar to A,(¢) and A,(¢) in Section 3, and involve the triplet correla-
tion function and two or three T operators.

Let us illustrate this for the O(¢°) term in v,(¢), i.e.,

vt = Ao — Ly = 2+ 0 (627)

with ¢ > 0. We follow the Taylor expansion method of Section 2 and have
to calculate the sixth derivative of y,(z). As y,(?) is already known to the
desired accuracy, we calculate the sixth derivative of (A%>,/4!, as given in
(6.6), and obtain after some calculation the result

6
(;;,‘-’,-) 4 Ao = (oL e™ L, oDg+ (o2l e™ L, o]y

+ (oL, e L v+ (o, Ly vie™ L, v

+ {0 Ly vle™ L, 0,50+ (0lL, vle’~ L, 0,

+0(t) (6.28)
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where v, is the X component of the velocity of particle 1. At ¢ = 0 none of
these terms exist. However, they approach a finite limit as r >0 +. Their
explicit evaluation is rather similar to that of (v, L, e"+0v, ), treated in
Section 3, but will not be carried out here.

7. COMPARISON WITH ENSKOG’S THEORY AND MOLECULAR DY-
NAMICS

7.1. Enskog’s One-Collision Contributions

The functions F(k, ) and C(), as well as the cumulants y, (1) may also
be calculated by means of the Enskog theory which approximately de-
scribes a hard-sphere fluid. We want to compare the exact results found
here with the predictions of Enskog’s theory. If we restrict ourselves to
t > 0 [see Eq. (1.9)], then the Enskog theory is obtained if the N-particle
operator L, in the correlation functions (1.13) is replaced by the one-
particle operator L, acting on functions of (v,,r,),{'"® i.e.,

d s

A% = xAS = xno?™! f dv,b0(07) fv A<Odé|v12 -8|[b;(12) = 1] (7.2a)
12°0

Lg=v,

= n[(dv, [ drso(2)g(ri) T4 (12) (7.2b)

and the N-particle average { - - - ), is replaced by the velocity average
-+, defined in (2.15). This yields for the intermediate scattering func-
tion F(k,t) and the velocity correlation function C(?),
Fg(k,t) = (exp(ik - ;) exp(tLg)exp(— ik - 1,)) (7.3)
Ce(t) = (v1,exp(tLg)v ) = (v, exp(tAL)0,) (7.4)
and an analogous expression for (A} >, of (6.6) with the same replacements.
One verifies directly that the exact results (2.9-2.12) for F(k,1),
yielding Eq. (2.19) up to O(#*) included, coincide with the Enskog predic-
tion. This is true since F'".(k,0)= —k*(v, A%v,. >, which in turn is
identical to Eq. (2.14) on account of (7.2b). For the velocity correlation
function one finds from (2.7), that the short-time prediction of Enskog’s
theory is exact to O(r) included. Similarly, the dominant term (6.26) for the
cumulant v, (¢) at short times is correctly given by Enskog’s theory, since by
replacing (v L, 07" by <o} . Lgol'""> in Eq. (6.7a), one obtains also
(6.7b). We may state the general conclusion that the Enskog theory for
short times gives exact values for the first correction terms (proportional to
tz ") to the ideal gas behavior, for all quantities considered here.
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7.2. Enskog’s Coefficient of 1> in C(¢)

For a comparison of the contributions of more than one collision we
consider only the velocity correlation function, which covers also F(k, 1) [cf.
(3.33) and (3.34)].

The exact result (3.34) reads

BmC (1) = 2' 24 +c( Z’E)z+ o(#) (1.5)
with

¢ = 2 (W) g/ e (7.6)

Enskog’s prediction ¢, for the coefficient ¢ in (7.5) follows directly from
(7.4) and (7.2b), i.e,

——(1/2)tEﬁm<le(A ) blx>
= (1/2)1‘,%-,8mnfdr12fdrl3
() g(ro)((([T- (12w - k1T, (B k)Y (17

In order to evaluate this expression we compare (7.7) with (3.13) and
observe that —A,(0)/k? is transformed into 2c¢./Bmt: upon the replace-
ment of gy(x) by x% Therefore Eq. (3.29) yields

2
= —dﬂ < WE (x)>ang (7‘8)
It may be evaluated explicitly, using (3.18) and (3.31) to yield

- gz ki . d—2 bz . d-12
= dj(;d@(smﬂ) WE(cosﬂ)/fO df(sind)

_ 4nd/y By p( 1135
a’J—I‘((d—l)/2)fd (= ZF‘( 27 2727 4}

(19)

After the substitution x” =  the last integral can be obtained from Ref. 32,
and gives
-2 1 _1.d+2 .1
CE_;Z-ZF]( 2T 37 ’Z) (7.10)
We remark that ,F; is close to 1 (within 4%) for all values of 4. Equation
(7.10) reduces for d =3 to
33

g = 1§+Y 02278296  (d=3) (1.11)
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This result is obtained by evaluating (7.8) directly for 4 =3 in terms of
elementary functions. Although one can express (7.10) for 4 = 2 in terms of
complete elliptic integrals, we may also compute ¢, directly from the first
few terms of the fast converging hypergeometric series (7.10) to yield

cz=05157960 (d=2) (7.12)

7.3. Single Overlap and Recollision Contributions

By comparing (7.6) and (7.8) we see that the exact coefficient ¢
contains ¢, plus two additional contributions, i.e.,

c=cp+cg+ ey (7.13)
with
cs=%}<WE(x)[ g;(f) - 1}> (7.14)
cR=277T<WR(x)—g3—(;—)—> (1.15)
X ang

We refer to ¢ as the single overlap contribution, since (for low densities)
[g3(x)/x2 — 1] is nonvanishing (and equal to — 1) only for 1/2 < x <1 or
0 < 8 < 7w /3 with x = cos§ [see (3.14)], i.e., for configurations in which one
pair of spheres is overlapping. The coefficient ¢, is the recollision contribu-
tion, the integrand of which is only nonvanishing for —1 < x <0 or
(1/2)m < 8 < 7, due to the presence of #(— x) in (3.32). We want to assess
the relative importance of the terms in (7.13). Consider first low densities.
The recollision term can be obtained directly from (7.15) and (3.22), and

yields©?
—8T(d/2 _
Cr = (@/2) fldx(l—xz)(d 3)/2x42Fl(l,l;l;£€i)
15y dT((d — 1)/2) 0 2°2°2°2
4 11 5.7 d+4.1
= — F =L, T, =, N 7.16
5d(d+2)° 2(2 2°2°2° 72 4) (7.16)

The hypergeometric function is again close to 1 (within 2%) for all values of
d, and we find

cr=—0018 02 (d=3)

= ~0.050 79 (d=2) (7.17)
At low densities the single overlap term (7.14) reduces to
—2\/771’(d/2) 1 S (d=3))2
Cg = W J;/ZdX(l - X ) WE(X) (718)
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We have not been able to evaluate (7.18) any further for general d, but for
d = 3 it can be evaluated analytically in terms of elementary functions, and
for d = 2 in terms of incomplete elliptic integrals. The numerical values are

g =0028915  (d=3)
=005431  (d=2)

which can be obtained most easily by integration of the first few terms of
the fast converging hypergeometric series. We have also obtained the first
density corrections to the previous result using the density expansion®® of
g+(x) and x with the result

(7.19)

v,
¢=0238729- 0010607 +O(n?) (d=3)

” (7.20)
c =0.519315-0.005 858—V9 +0(n?) (d=2)
where ¥, is the close-packed volume, and
v 1/2)y2 no* (d=3
o _ (1/ )\/— o” ( ) (121)

V'l Bnet (d=2)

The results (7.20) indicate that ¢ depends weakly on the density and is
dominated by the Enskog contribution given in (7.11) and (7.12).

7.4. Molecular Dynamics Result

For three dimensions and high fluid densities the triplet correlation
function gy(x) with x = cos# has been studied in the literature.***® For
angles # with 27 /3 < 8 << 7 one finds g4(x) =~ x% while for angles close to
@ = /3 the result is gy(x)= x>. The factor x varies monotonically from
x = 1to x5 for the typical liquid density V,/ ¥ = 0.625.

Owing to this behavior of g;(x) and owing to the form of W,(x), as
given in Fig. 2, we find ¢, in (7.13) to be almost independent of the density.
Therefore the ring correction ¢, is small compared to ¢, for all densities.

We find a somewhat stronger density dependence for ¢g. This is due to
the form of Wi(x) (cf. Fig. 2) and the fact that g;(x) = x> for §~=/3.

In Fig. 3 Ac = ¢ — ¢ is given as function of the density for d = 3. The
result shows that the correction terms in (7.13) are small compared to ¢, for
all densities.

The theoretical prediction agrees reasonably well with experimental
values for Ac, obtained from molecular dynamics experiments for C(¢) by
Wood and Erpenbeck.*”

1t follows furthermore from Fig. 3 that for short times and low and
intermediate densities the function C(¢) — C.(¢) will be positive while at
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We (X)
WR(X)-——-
X ——

05 1.0

Fig. 2. The weight functions W, (x) and Wyr(x) as functions of x = cosf. W(x) appears in
Eq. (7.14) and Wg(x) in Eq. (7.15).

012

008

Fig. 3. The deviation Ac = ¢ — ¢ of the exact coefficient ¢ appearing in Eq. (7.5) from its
corresponding Enskog value c¢p = 02278 as a function of reduced density for a three-
dimensional fluid of hard spheres. ¥}, is the close-packed volume and V,/V = na®/ V2. The
curve represents the result of Eq. (7.6). The black circles are extracted from molecular
dynamics data for C(¢) by Wood and Erpenbeck.(?"
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high densities it will be negative. This effect has been observed in molecular
dynamics experiments by Alder et al.*® and might be related to the
so-called “cage” effect, i.e., the occurrence of negative values of C(z) at
high densities and 7=~ 1.

8. DISCUSSION

1. The results for the short-time expansion obtained in this paper
apply to hard-sphere fluids and are valid for all densities, all values of %,
and dimensionalities d > 2. We have calculated explicitly the coefficients of
t”" in the short-time expansion of the incoherent scattering function F(k,?)
(n=0,1,2,3,4), the closely related coefficients [sce Eq. (2.7)] for the
velocity correlation function C(¢) (n =0, 1,2), where the last coefficient in
each case is a new result, as well as the explicit form of the dominant
short-time behavior of all cumulants v, (¢) of the displacement of a tagged
hard sphere.

(a) The coefficients (3.33) for F(k,) up to |¢|°, and the corresponding
coefficients (3.34) for C(¢) up to |¢| agree with results given in the litera-
ture.1% 11419 The coefficient of #* in the expansion (3.34) for C(¢) differs
from an early result derived by Résibois and Lebowitz in Refs. 18 and 19,
where the ring events were overlooked (see 1d). In a later publication?!
these authors agree with the expression (3.34) for C(¢) which has been
published before in Ref. 22.

(b) The most conspicuous difference in the short-time expansions of
F(k,t), C(¢), and v,(¢) between hard-core and smooth interaction poten-
tials is the appearance of odd powers of ¢ for hard-sphere fluids, while for
soft potentials only even powers of ¢ are present. Thus for hard spheres
BmC(t)y=1-=2|t|/dty + c(t/t;* + - - - in (71.5), while for smooth poten-
tials BmC(¢) =1 — a;12/Bm + ayt*/(Bm)* + - - - in (5.8). The coefficient
¢ [Egs. (7.8), (7.13-7.15)] involves the static triplet distribution function of
three spheres in contact, g;(x), and the dynamical weight functions W (x)
and Wy,(x). The coefficient «, for smooth potentials contains the static pair
distribution function and derivatives of the pair potential, and «, contains
in addition the triplet function. Both coefficients diverge if the smooth
potential approaches the hard-core potential (see Refs. 12 and 13 and
Section 5.3). The hard-sphere results can be considered as a resummation
of the most divergent terms in the hard-core limit of the corresponding
expansions for smooth potentials, and Sears’® has given the first few
(most divergent) terms which have to be resummed. A similar comparison
can be made for the hard-sphere expansion (3.33) for F(k,t) with the
corresponding one for smooth potentials.(!®

(c) Apart from the first cumulant or mean square displacement v,(?)
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= (1/2)(A2y, = [(dt’ [t dt” C(1”), which is covered by the previous discus-
sion, the higher cumulants y,() (n > 2) for smooth potentials are v,(¢)
= 7,t%[1 + O(+%)], where 1, has been calculated by Sears.('¥) For a hard-
sphere fluid the dominant short-time behavior is v,(¢) = §,]|¢***!/
(2n + 1)!, with §, given in (6.26).

(d) Our method for obtaining these expansions resembles closely those
for smooth potentials [see Eq. (2.1)]. However, for hard spheres the matrix
elements (aL’ b), do not exist in general, e.g., if « and b both depend on
positions and velocities of the N particles, {aL, b, exists, but (aL?’ b),
does not. The reason is that L% contains terms of the form T, (12)7T, (12),
which contains products of § functions with the same argument (r,, — 04).
However, d*C,,(t)/dt* = {aL, e+ L, b}, does exist, and has a finite limit
for t >0 +. In particular, we find the unexpected result that the so-called
recollision contribution, ie., {(aT, (12)[idre™ T (13)e' 7T, (12)b),,
which looks formally of O(¥), has a finite nonvanishing limit as t -0 +, as is
shown in Appendix B. For general collision sequences we have given
estimates of the short-time behavior in Section 4.

2(a) In order to discuss the region of times for which the short-time
expansions are meaningful, we consider the time scales f, 7, and i,:
ty = ty/x is the mean free time, and ¢, given in (2.18), is its low-density
Boltzmann limit; ¢, = 6( 8m)!/? and 1, = (Bm)'/?/k are the average times
needed to traverse the diameter o and the inverse wave vector k™!,
respectively. Next, we write (3.33) as

F(k,ty=1- 1 (?’k-)2+ ﬁ(?i)zg
-12)4—%<ti)2<é)2+ o(r) (8.1
where ¢ is given in (7.6). It is clear that the short-time expansion (8.1) is
only valid for times 7, such that
[t S tp
< 4

(8.2)

However, there is an additional restriction, used in the derivation of ¢ [see
Appendix B, discussion preceding Eq. (B4)], i.e., {v)¢ must be small
compared to the range o of the static triplet distribution function, or

=<1, (3.3)

For low densities ¢, < t; =~ #,, while for liquid densities ¢, < #,. For typical
neutron-scattering experiments (1/20)t, <t <t,. The time scale #, is ab-
sent in the expansions of C(7) and v,(r), since k=0, so that 7, — oo.
(Compare also the discussion in Section 5.3, on the average time ¢, needed
to traverse the steep part of a strongly repulsive potential.)
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(b) We note that the restriction <<, on (8.1) can be overcome by
summing all terms in (8.1) of the form (¢/1,)(t/tg)" over n, for given
(fixed) values of m. In fact this was done in Section 6.2 for m =0 and
m = 1, where the result (6.23) can be written as (with Az = ( Bm)/ % /)

F(k,t)=exp{— %(é)z 1+ l_t;_lh(i) + 0((é)2” (8.4)

The leading term represents the ideal gas contribution, while h(s) arises
from one-collision events and is for all s = /¢, given by

_lop(l 3.5 de2 g
h(S)—-3dS 2F2(2’2 15 3 y4) (85)

Hence (8.4) holds for all 7 <<tz and 1 S ¢,

(¢) The restriction (8.3) on (8.1) has a curious consequence on the
short-time expansions in the so-called Grad limit (i.e., 6 >0, n— co, such
that ¢, or no“~! are finite); namely, taking the Grad limit and short-time
limit in different orders yields different results. Van Beijeren ef al.*” have
shown rigorously that C(¢) approaches in the Grad limit the prediction
C,(?) from the Boltzmann equation, with fmCy(f) = {v,e**'v,> and A}
defined by (7.2a) (and x = 1.).

By performing now a short time expansion, one finds SmCy(t) =1 —
(2/3)t|/15) + cg(t/t,)>, where the results of Section 7.2 have been used.

However, taking the Grad limit after the short-time expansion has
been performed [see (7.5)), one obtains a different result, namely, ¢,
replaced by ¢, + Ac, where Ac = ¢ + ¢, is given in the Grad limit by the
low-density results (7.16) and (7.18). The reason for this difference is, of
course, that the short-time expansion (7.5) is not valid in the Grad limit,
since ¢, —> 0.

3. Interesting results are also the high-frequency tail ~1/w* in Eq.
(5.3) of the incoherent scattering function S(k, w) for the hard-sphere fluid
in Section 5, and the adjusted sum rule (5.6) for the fourth frequency
moment of S(k,w). In Section 5.3 an estimate of the frequency range is
given where the hard-sphere tail ~1/»* might be expected in noble gases.
It is argued that this frequency tail is nor expected in noble gases at liguid
densities, but only at lower densities.

4. In Section 7 we have compared the exact results with their analo-
gues in Enskog’s theory of a hard-sphere fluid. We found that the predic-
tions from Enskog’s theory for F(k,?), C(¢), and all y,(¢) give the first
correction (proportional to f; ') to the ideal gas behavior exactly. A
comparison of the next correction term (proportional to 7;?) for C(¢) in
three dimensions revealed that the Enskog prediction is amazingly close to
the exact result for this term for all densities (cf. Fig. 3).

5. The methods used in this paper can be applied straightforwardly to
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the calculations of other time correlation functions for the hard-sphere
fluid, such as the coherent scattering function and the current—current
correlation functions entering in the Green—-Kubo formulas.

APPENDIX A: CALCULATION OF V,(x) AND ¥,(x)
In Eq. (3.16) we introduced

Vi(81+ 82 = (Bmy*(({O(via* 8)8(¥s1 * 62)(Via* 8)°(v31* 62)7))) (AL

which should be evaluated for two-dimensional velocity vectors v, (i = 1,2,
3), as explained below Eq. (3.15). The velocity averages (< - - >>> are
defined in (2.15). We further change to dimensionless variables [(1/2)
Bm]'/?>v,—v,, and introduce new integration variables

V= (1/3)(v, + v, + ;)
U=V, =V, —V, (A2)
W=V =Vv;7 ¥

for which the Jacobian equals 1. Since v3 + v3+ v =3V2+ (2/3)(0* +
w? + u-w) we can write (Al) as

V6, +6,)= gj?fdufdwexp[-—(2/3)(u2+w2+u-w)}

X (- 6,)0(w- 6)(u- 6,)%(w- 8,)°

= 2235 J(;wdul‘[)wdwlfj:)duzf-:odwz upwie *1 (A3)

where we have performed the V integration. The vectors u and w are
rescaled such that the factor 2/3 in the exponent is replaced by I; and
(u;,u) =u and (w,,w,)=w are Cartesian components along the axes
(6,,6,,) and (8,, 6, | ), respectively, where 4, , is a unit vector orthogonal to

A

g;, 6, + 6, = cos§, and the exponent @, has the form

O, =w+w+u-w
2 2, 2 2 . (Ad)
= ui + wi+ u; + wy + (4w + uyw,)cosd + (wyuy — uyw,)siné

The integrations over u, and w, are Gaussian integrals which can be
calculated most conveniently from the formula

h n
+ +
f “dx, - - f <>Oa'xnexp(— > Agxx+ > a,x,)
- — o0 i, j=1 [=1
n
j=

a?/? 1
p( !

= ————¢€X A 'aa; AS
(detA)l/z y ]) ( )

i, 1
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Here 4 = {4} is a positive definite matrix; 4 = {Aij"} is the inverse
matrix, and det A4 its determinant. It can be derived easily by a transforma-
tion to principal axes. The resulting form for (A3) is

Vy(cosf) = (16/m)[ 1 — (1/4)cos*8] S (cos 0) (A6)
with
S(x)= LwduLwdw uwle ¥ (A7)

In going from (A3) to (A6-A7) the variables u = au,, and w = aw, are
rescaled with

23 _3(1_1_g9)"
o= 4 detd 4(1 4cos 0) (A8)

Finally, the integral in (A7) can be performed by changing to polar
coordinates, and we find

S(x)= %(1 - 7‘1:)62)w5/2 (1 + %xz)cos_l % - —;—x(l - %xz)]/zJ (A9)

Combination of (A9) and (A6) yields expression (3.16) for V,(x), i..,

1/2
Vl(x)=%{(l+%x2)cos"%—%x(l—%xz) } (Al0a)

4l g1 1.3 x2
— 1+ 1s WZF,( L 2,2,4) (A10b)
as given in the body of the paper. Here ,F, is Gauss hypergeometric
function®" defined as
& (9),(0), xn
F . e — n n X
Fi(e b5 6%) ngo (c), n!
and (a), =a(a+1)---(a+ n—1)is a Pochhammer symbol. The expres-
sion (A10b) in terms of the Gauss hypergeometric function is very helpful
in performing later integrations over x. It can be derived most conveniently
by dividing S(x) in (A7) into an even part S,(x) and an odd part Sy(x) in
x. The even part of (A7) yields directly [1 + (1/2)x*] in (A10b). In Sy(x) we
expand the odd part of e ™ in powers of x. A term by term integration
yields

(All)

2
So(x) = — i 2F1(2,2§% ;x_)

, ) (A12)
- %)

~5/2 2
1 1.3 x°
2Fl( 2’ 2’2’4)

where the last equality is a linear transformation formula for ,£,.C"
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Next, we consider V,(x), defined in (3.24):
V6, 6y) = (,Bm)2<<<0(v12 $6)0(— Vg B)(Via 81) (Vin 51)2> > >
(A13)

with v, =v,, + 6,(8,°v5))=u. It is only needed for &,:4, <0. The
calculation closely parallels that of (A1l). We introduce again {(u,, u,) = u as

below (A3), but (w,,w,) are defined differently, i.e.,
w = —u-6 =u-6 — (8 8,)(5 W)
W2 =W- 62_L

(Al4)

so that dw = dw dw, /|8, « 6,|. Hence (A12) becomes

Vy(6, 8,) = 4772]0] "zlf duf dwlf duzf dwyulwle ™™ (AlS5)

where
O, =+ w +u-w=ul+ wi+ uw,cosf
2
(w + u)) )
————— —uyw, + uy(w; + uyjtanf — u,w;sin  (Al16)
cos“f
In deriving the last expression we need the inverse transformation of (A14).
The (u,w,) integrations are again Gaussian, which may be performed using
(AS), and the result is

Vy(cos8) = (16/m)|cos 8°[ 1 — (1/4)cos8]"°S(2 — cos?d) (A17)

where S(x) is defined in (A7). Finally, we arrive at Eq. (3.26) in the body of
the paper, which is only needed for x <0,

Vy(x)=V,2 - xz)
2 2 4 1 x , 3x 2 x? 12
= ~ 2(6 - 4x>+ xysin —2—+—;(2—x)(1—~4—) (Al8a)
- _ 8 s 11.7. %
- 1577x 2F1(232,2>4) (Algb)

where we have used

[1-/2x] sin~(x/2)
2] x| X

(A19)

Expression (A18b) can be derived from (A10b) by using linear and quad-
ratic transformation formulas for ,F,.C"



The Incoherent Scattering Function and Related Correlation Functions 357

APPENDIX B: RECOLLISION DYNAMICS

Consider the recollision operator, occurring in Eq. (3.21) for short
times (¢ > 0), re.,

R(1) =f0’dr1[ T_(12)a(vy)exp(ik - ;) Jexp[ (1 = 1,) L] T, (13)
X exp(t,Lo) T, (12) B(v,)exp(— ik -1y) (B1)

where a(v) and B(v) are arbitrary functions of the velocities. The operator
T, (13) contains the factor [b; (13) — 1], the first term of which changes the
directions of the vectors v|, v;, the second term leaves the directions
unchanged and vanishes on account of Eq. (3.20). Hence, we find from
(1.11)

— t A A A A A
R(1)=¢* 3f0 dtlfdo,fdozfdoﬁ(rlz — 06)8(r3 + vi3(t — 1)) — 08y)
'6([12 + Vl/ztl + VIZ(t - tl) - 063)0(\712 M 61)"12 ¢ 61
: Aa(él,vl)ﬁ(—vw ' 62)|V13 . 52|9(_"1’2 : 53)|V1'2 : 63|AB(53aV1)
-exp[—ik-vlft— ik v(t— tl):' (B2)

where we have used the relation e'“or, =r, + v,, and introduced
Vin=Vyr—V,
vy = b; (13)v, = v; + 65(6, - v3;) (B3)

8, (61,v1) =[bs,(12) = 1]a(vy)

and similarly for Ag. Notice that the first and third  functions in (B2)
automatically guarantee that #(—v,y - 6,) = 1. The first two delta functions
in (B2) require that the triplet function in (3.21), i.e.,
g(rir =T, 1 —T3) = g(r, 1 — 06,1, — 66, + v ;3(1 — 1))

is only needed for configurations [r;;| = |66, — v\5(t — #,)] > o, where it is a
smooth function of the argument r,;. Hence, for short times 7 (# > ¢, > 0)
we may drop v,;(f — £,) in the argument of the triplet function as well as in
the argument of the second § function in (B2). This implies the neglect of
terms O(#), and so does the replacement exp(ik - v;.t — ik - v,(r — £,)) by 1.
Owing to these replacements the short-time expansion is valid only for
t <t and t < t, where t, = (Sm)"/% and t, = (Bm)"/?/k are the average
times needed to traverse the diameter o and the inverse wave vector k,
respectively. Our next step is to perform the integrations over ¢, and 4,, i.e,
we have to calculate an integral of the type

I= od_lfotdtlfd63 8[ op(t;) — 66, f(65) (B4)
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with
p(t) =6, + vt /o + v, — t,)/o (BS)
The d-dimensional delta function §‘?) can be written as
8P o(1) = 85] = 8lp(1))| — )8 V85 — p(1y)] (B6)

where 8" ensures that A(¢,) is a unit vector. For small ¢ (¢ > ¢,) the
argument of §¢" becomes

()l = 1= 16, vty + 8, v = 1)1 + 0% (B7)
By virtue of (B3) and (B5) we have to dominant order for small ¢
5 v
6(1)Pt _1= Y AGA a(l)t_—‘r—i)\‘—“v—la‘———
(le(ol = 1) (61 + 8,)(82 * vi3)| : (0 65)(6;°V13)
B I[8y = p(r)] = 8706, — 6) (B8)
so that (B4) becomes
1 6, vy, —6,-vy N
I = A A A A A A 0 A A A 0
81+ 6,165+ Vi3] | (6 62)(6,°Vy3) } { (01 02)(62° v13) }f( )

(B9)

The two 8 functions come from the ¢, integration, where it is required that
0 < ¢, =at <t and where we have used (B3). Since (B9) has to be used
inside (B2), the conditions v, §, >0 and v, §; <0 guarantee that (B9)
reduces to

j- P08 £(6) (B10)
61+ 8265 vi3 l
Using all the above information in (B2) we find for the recollision operator
8(—6,-36,)
R(t) = o*~2( dé, | d6,8(xy — 66,)8(x )5 — 06,) —5—r"
(H=o f Ulf 6,0(r), — 06,)0(r); — 06,) 6,6,
“O(Vip- G1)Vyp - 6 A8, V)0~V 61)1"1'2 ’ 61lAﬁ(61’V1)
+0(1) (B11)
or, by using (B3), we find the result given in Eq. (3.22), i.e,,
6(—6,-6,)
R(1) = 0*72| dé, | d6,8(r, — 66,)8(x); — 06,) ——=—
(H)y=o f 01] 6,8(r), — 06,)8(r; — 06,) [6,- 6,
“O(vip- 6y)Viy - 6, {[b5(12) — 1] (vy) } b5, (13)0(— vy, * 8|V * 64

{[2:,(12) = 1] B(v))} + O() (B12)
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